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State estimation from plant measurements plays an important role in advanced mon-
itoring and control technologies, especially for chemical processes with nonlinear dy-
namics and significant levels of process and sensor noise. Several types of state esti-
mators have been shown to provide high-quality estimates that are robust to significant
process disturbances and model errors. These estimators require a dynamic model of
the process, including the statistics of the stochastic disturbances affecting the states
and measurements. The goal of this article is to introduce a design method for nonlin-
ear state estimation including the following steps: (i) nonlinear process model selec-
tion, (ii) stochastic disturbance model selection, (iii) covariance identification from
operating data, and (iv) estimator selection and implementation. Results on the imple-
mentation of this design method in nonlinear examples (CSTR and large dimensional
polymerization process) show that the linear time-varying autocovariance least-squares
technique accurately estimates the noise covariances for the examples analyzed, pro-
viding a good set of such covariances for the state estimators implemented. On the
estimation implementation, a case study of a chemical reactor demonstrates the better
capabilities of MHE when compared with the extended Kalman filter. VVC 2010 American
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Introduction and Prior Work

State estimation from plant measurements plays a critical
role in all advanced monitoring and control systems. The
state estimator is the component of the system that assesses
in realtime the feedback from the measurements, separates
the noise from the signal, and infers based on a dynamic
model what information the sensors are providing about the
current state of the system. This task is challenging because
many of the best available models for chemical processes

are nonlinear and large dimensional, the product properties
of most interest are complex nonlinear functions of the pro-
cess state, the structure of the stochastic disturbances affect-
ing the process is unknown a priori, and the quality of the
measurements is not uniform. This article introduces a state
estimation design procedure to address this challenging and
industrially important class of problems.

This procedure has several steps from nonlinear stochastic
modeling to estimator implementation. Regarding the model-
ing task, the use of linearized models to represent a nonlin-
ear chemical process is a common practice in process identi-
fication, estimation, and control. However, these models do
not accurately describe the dynamics of the nonlinear pro-
cess. The modeling approach proposed here relies on
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combining information that is often available such as a
deterministic set of nonlinear differential equations describ-
ing the physical principles of the process, which arise from
conservation laws appropriate for chemical processes, and a
routine set of operating data that provide a typical sample of
the measurement and process disturbances affecting the sys-
tem. Integrating disturbance models are proposed to provide
offset free control of the properties of interest, while main-
taining the complexity low enough so that the disturbance
statistics can be determined from the available measure-
ments. The developed models will be used to improve non-
linear state estimation (e.g., MHE) in process monitoring
and advanced process control.

Concerning the stochastic component of the model, the
identification of the noise statistics affecting the states and
the measurements will be performed with the assumption
that these noises can be modeled as zero mean Gaussian ran-
dom variables, and thus only their covariances are required
to specify their statistics. These statistics are usually
unknown, but can be estimated from process operating data.
The autocovariance least-squares (ALS) technique has pro-
ven to accurately estimate the covariances of system distur-
bances from data for linear1–4 and nonlinear systems,5 using
both simulated data and process operating data. This tech-
nique uses routine process operating data, and thus does not
require input-output testing to be applied to the system. Sim-
ply stated, autocorrelations of the data at different time lags
are taken to separately estimate noise covariances affecting
the states and the measurements. Specifically, the linear
time-varying ALS (LTV-ALS) technique was developed to
estimate these covariances for nonlinear systems. Despite of
the use of linearizations, this approach has accurately esti-
mated the covariances of a nonlinear blending drum indus-
trial example5 (see Section Time-varying Autocovariance
Least-Squares Technique for a mathematical summary of the
LTV-ALS technique formulated for nonlinear models). Other
correlation-based approaches to estimate noise covariances
for linear systems can be found in Refs. 6–12. Also, for non-
linear systems, approaches based on maximum likelihood
estimation (MLE), that still use knowledge from first-princi-
ples models, were developed.13–17 The main drawbacks of
these nonlinear covariance estimation approaches are that
they are unconstrained, the optimization algorithms they use
are iterative, and convergence to the optimal solution is not
guaranteed. As a consequence, the estimation of covariances
are highly dependent on the initial guesses and positive defi-
nite results are not guaranteed. Therefore, as a condition to
obtain accurate estimates, these approaches may require the
use of large data sets. However, MLE techniques are also
highly dependent on the size of the data set used and may
become computationally intractable for relevant industrial
data sets. Rajamani18 (Chapter 6) provides a comparison
between ALS and MLE. In this comparison, the author con-
cluded that the MLE procedure could not be applied to
industrial data sets due to the large memory requirements
even for problems of small dimensions. Finally, Valappil
and Georgakis19 introduced two approaches for estimation of
noise statistics for nonlinear systems, one based on lineariza-
tion and the other based on Monte Carlo simulations. How-
ever, these approaches assume that the measurement covari-
ance matrix is known and can be determined independently

for the measurement device, and hence does not take into
account the trade-off between process and measurement
noise covariances during the estimation. Moreover, these
methods require information about the process–model mis-
match in the form of a parameter covariance matrix. The
authors mention that in case the users do not have such in-
formation, different covariance matrices for the parameters
should be attempted. This contrasts with the ALS approach
that estimates the stochastic structure of the disturbance
model from data, automatically rescaling its estimated cova-
riances to take such mismatches into account.

Regarding the nonlinear state estimation task, several
state estimation techniques are available in the literature, di-
vided into three main categories. These categories, along
with the most popular estimators in each category, are the
following: (1) purely recursive: extended Kalman filter
(EKF),20 unscented Kalman filter (UKF),21–25 particle filter
(PF),26–31 and cell filter (CF),32,33 (2) optimization-based:
Moving Horizon Estimation (MHE),34–38 and (3) hybrid
methods combining (1) and (2): PF-MHE.39,40 Rawlings and
Bakshi39 present an overview of many of these methods.
Purely recursive state estimators may not be robust to the
presence of data outliers, process disturbances and model
errors. The optimization-based estimators use a sliding win-
dow of measurements that provides some inherent robust-
ness to these errors, but may become computationally pro-
hibitive when applied to large-scale industrial applications
because of the requirement of solving a nonlinear program-
ming problem online. Moreover, the optimization-based
methods handle nonlinear models without linearization and
incorporate hard state constraints, such as nonnegative con-
centrations and pressures, in the problem formulation.34–37

For some applications, the use of hybrid approaches that
combine the speed of recursive methods and the robustness
of optimization-based methods may be an attractive alterna-
tive.39 Finally, with increasing computer power and the de-
velopment of faster algorithms to solve the MHE optimiza-
tion problem online, pure MHE may become suitable for
even large-scale applications.41–44 Specifically, Zavala et al.
have proposed fast MHE strategies exploiting the recent
advances in nonlinear programming algorithms and sensitiv-
ity calculations.41,42

Another objective of this article is to make a critical
assessment of some of the existing covariance and state esti-
mation tools through their application to nonlinear case stud-
ies. The outline of the rest of the article is as follows. First,
the modeling issues are presented and we show that a con-
tinuous time (CT) nonlinear stochastic differential equation
(SDE) system model can be well represented by a discrete
time (DT) nonlinear deterministic model, obtained from the
integration of a first-principles model, plus an added noise
component that can be estimated from operating data con-
taining the process and measurement noise. Also, it is dem-
onstrated that the process noises used in such DT models are
well approximated by normal distributions with time invari-
ant statistics. Then, the covariances of the process (Q) and
measurement (R) noises are estimated using the LTV-ALS
technique formulated for nonlinear models5. To perform this
covariance estimation step, two nonlinear process examples
are considered: (1) a continuous stirred-tank reactor (CSTR)
example from45 and (2) a published model of a gas-phase
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ethylene copolymerization process.46–48 These estimated
noise covariances are used to specify the noise statistics of
MHE and EKF state estimators. Using the illustrative CSTR
example, these estimators are implemented and compared to
show that high-quality state estimates can be obtained after
the determination of their noise statistics by ALS. Finally, a
summary of the proposed design method is presented fol-
lowed by the conclusions and future research directions.

Nonlinear Stochastic Model Structure

We show here that a nonlinear stochastic model for the
states in CT can be well represented by a nonlinear deter-
ministic model in DT, obtained from the integration of a
first-principles model, with an added noise component that
can be estimated from process operating data, which is
assumed available at every process sampling time �k ¼
tkþ1 � tk. Assume the plant model is given by the follow-
ing set of CT nonlinear stochastic differential equations
(SDEs) for the states and nonlinear equations for the meas-
urements 13

dx ¼ f ðx; uÞdtþ �dw (1)

yk ¼ hðxkÞ þ vk (2)

in which x 2 Rn, u 2 Rm, and y 2 Rp are the states,
manipulated inputs, and measured outputs, respectively. Also,
w are the process noises, represented by standard Wiener
processes, and vk 2 Rp are the measurement noises, which are
assumed to be Gaussian with mean zero and covariance matrix
R (vk � N(0,R)).

This SDE can be solved at time tT using the Euler
scheme49 that consists of the following discrete approxima-
tion of the SDE at time tT

xTþ1 ¼ xT þ f ðxT ; uTÞ�T þ ��wT (3)

in which �T is the Euler integration stepsize that is chosen
small enough to provide an accurate SDE solution and to
guarantee convergence of the Euler method (�T � �k). Also,
�wT ¼ wTþ1 � wT are normally distributed increments of the
standard Wiener process.

For one step ahead predictions, we show next that model
(1,2) can be well represented by the following DT model

xkþ1 ¼ Fðxk; ukÞ þ GðxkÞwk (4)

yk ¼ hðxkÞ þ vk (5)

in which F(xk,uk) is obtained by integrating the deterministic
nonlinear model f(x,u) from tk to tkþ1 using an ordinary
differential equation (ODE) solver with a zero-order hold on
the input uk, and wk � N(0,Q). For purposes of illustration,
consider the simplified example

SDE : xTþ1 ¼ xT þ f ðxTÞ�T þ�wT (6)

DTmodel : xkþ1 ¼ FðxkÞ þ wk (7)

in which the output equations, that are discrete for both models
(2) and (5), are omitted and the input variables dropped for

simplicity. These variables can be easily incorporated in the
analysis that follows.

To determine the noise statistics of wk, assume the simu-
lated data generated by the SDE solution (6) represent the
plant data.13 These plant data are discretized using the pro-
cess sampling time �k. Thus, using (7), an estimate of wk,
denoted by ŵk, can be calculated by

ŵk ¼ xkþ1|{z}
from SDE solution

� FðxkÞ|fflffl{zfflffl}
fromODE solver

(8)

in which xkþ1 and xk are obtained from the discretized data
points generated by the SDE solution, or plant data. Note that
ŵk corresponds to the residuals between the SDE and the
deterministic DT solutions for the same xk. Thus, if several
simulations with different realizations of noise sequences are
performed one step ahead at time tk, then the statistics of wk

(sample mean and variance) can be estimated using all the
values of ŵk obtained for all these simulations. Once these
statistics are determined, (7) can be used as the model in state
estimation and model-based control. In the next subsection, a
case study is performed to show that these statistics are well
approximated as normal and time invariant.

Illustrative batch reactor example

Consider a nonlinear, chemical batch reactor45 consisting
of the following set of reversible reactions in the gas-phase

A Ðk1
k2

Bþ C 2B Ðk3
k4

C

and the nonlinear model from first principles

dx

dt
¼ f ðxÞ ¼ �0r (9)

in which the state is x ¼ [cA cB cC]
0 and the stoichiometric

matrix, reaction rates, and parameters are given by

� ¼ �1 1 1

0 �2 1

� �
; r ¼ k1cA � k2cBcC

k3c
2
B � k4cC

� �
;

k ¼ 0:5 0:05 0:2 0:01½ �0; x0 ¼ 0:5 0:05 0½ �0

Let �w denote the vector of random variables added to
the species concentrations. We assume �w is normally dis-
tributed with zero mean and the covariance Qsim below (�w
� N(0,Qsim)). The solution of the SDE, (6), for this example
using the Euler scheme is given by

cA
cB
cC

2
4

3
5
Tþ1

¼
cA
cB
cC

2
4

3
5
T

þ�0rðcÞ�T þ
�w1

�w2

�w3

2
4

3
5
T

(10)

Qsim ¼ 10�7 �
1:25 0:00 0:00
0:00 1:25 0:00
0:00 0:00 1:25

2
4

3
5

Thus, for this case study, Eq. 10 is solved recursively to
generate the simulated data, (9) is used for the deterministic
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first principles model, and the following step sizes for SDE
simulation and measurement sample time are chosen

�T ¼ 0:25� 10�2; �k ¼ 0:25

Figure 1 shows the concentrations of A, B, and C for a
typical SDE simulation from an initial condition of almost
pure A until the system reaches steady state. To calculate
the statistics of ŵk, four cases with different starting states
are considered: initial condition: x(tk ¼ 0) ¼ x0, two tran-
sient cases: x(tk ¼ 2.5) ¼ [0.149 0.345 0.379]0 and x(tk ¼
10) ¼ [0.02 0.257 0.617]0, and a steady-state case x(tk ¼ 30)
¼ [0.012 0.186 0.663]0. These four cases represent different
operating conditions of the reactor process and are displayed
in Figure 1 by the thick vertical lines.

Figure 2 shows the histograms of ŵ1, ŵ2, and ŵ3 when
one step ahead simulations are performed from tk ¼ 0. These
histograms are obtained using all the values of ŵk calculated
for 1000 simulations with different realizations of noise
sequences. Note that the components of ŵk are normally dis-
tributed with zero mean and the following multivariable
sample variance

Q̂0 ¼ 10�5 �
1:09 0:05 0:09
0:05 1:22 �0:03
0:09 �0:03 1:17

2
4

3
5

in which the subscript ‘‘0’’ denotes that this covariance was
estimated for the x(tk ¼ 0) case. The same analysis is repeated
for the other cases when one step ahead predictions are made
from x(tk ¼ 2.5) , x(tk ¼ 10), x(tk ¼ 30) and the following
covariances are obtained

Q̂2:5 ¼ 10�5 �
1:09 0:05 0:09
0:05 1:16 �0:01
0:09 �0:01 1:16

2
4

3
5

Q̂10 ¼ 10�5 �
1:09 0:06 0:09
0:06 1:18 �0:02
0:09 �0:02 1:16

2
4

3
5

Q̂30 ¼ 10�5 �
1:09 0:06 0:09
0:06 1:19 �0:03
0:09 �0:03 1:17

2
4

3
5

with approximately zero mean for all cases. Note that the
calculated variances of ŵk are close to each other regardless of
the initial state considered. Thus, this example demonstrates
that not only are the ŵk normally distributed, but their statistics
are time invariant even while the process state is changing
significantly. The normality of the DT model process noise is a
consequence of the central limit theorem that states that the

Figure 2. Results for x(tk ¼ 0) case: ŵ histograms for 1000 simulations.

Figure 1. Evolution of the concentrations for a typical
SDE simulation (dark line).

The time instants from where one step ahead simulations
are performed are represented by the thick vertical lines.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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addition of i independent and identically distributed random
variables with density pi tends to a normal curve as i increases,
regardless of the shape of the original densities pi. The fact that
the SDE is sampled 100 times faster than the DT model (�k/
�T) helps to build up the number of added noises for the DT
model, resulting in normal distributions. Therefore, adding a
process noise with these characteristics to the integrated
deterministic ODE as in (4) results in an accurate nonlinear
model for one step ahead predictions. This model could also be
used, but would not be as accurate, for multistep ahead
predictions.

In summary, even with the assumption that SDE (1) is the
plant generating the data, it is possible to obtain a highly
accurate model of the data for one step ahead predictions
using (4).

Noise Covariance Estimation for
Nonlinear Systems

With the chosen nonlinear model and noise structure, we
next turn to the task of determining the process and output
noise statistics given only routine process output measure-
ments. In this article, we consider a method based on lineari-
zations of the nonlinear model to estimate the disturbance
variances.

Time-varying autocovariance least-squares technique

Here, we present a summary of the linear time-varying
autocovariance least-squares (LTV-ALS) technique for non-
linear systems originally proposed by Rajamani et al.5 We
use the following discrete time nonlinear model

xkþ1 ¼ Fðxk; ukÞ þ GðxkÞwk

yk ¼ hðxkÞ þ vk (11)

in which wk � N(0,Q) and vk � N(0,R) are uncorrelated with
each other. Assume that a time-varying stable state estimator,
such as the extended Kalman filter (EKF), with a stable filter
gain sequence, Lk, is implemented to estimate the states of this
model. In this case, the state estimation equations are given by

x̂kþ1jk ¼ Fðx̂kjk; ukÞ
x̂kjk ¼ x̂kjk�1 þ Lkðyk � ŷkjk�1Þ

ŷkjk�1 ¼ hðx̂kjk�1Þ (12)

in which x̂kjk�1 denotes the predicted estimate of the state xk
using the available information up to time tk�1. Also, x̂kjk
represents the filtered estimate at time tk.

If a linearization of nonlinear model (11) around ðx̂kjk; ukÞ
is performed, then this model can be represented by the fol-
lowing set of equations

xkþ1 ¼ Akxk þ Bkuk þ Gkwk

yk ¼ Ckxk þ vk (13)
in which

Ak ¼ @Fðxk ;ukÞ
@x0

k

���
ðx̂kjk ;ukÞ

; Ck ¼ @hðxkÞ
@x0

k

���
x̂kjk

; Gk ¼ Gðx̂kjk; ukÞ

Also, the linearized estimation equations are given by

x̂kþ1jk ¼ Akx̂kjk þ Bkuk

ŷkjk�1 ¼ Ckx̂kjk�1 (14)

The innovations sequence at time tk can be obtained by
subtracting the output equation in (14) from that in (13)

Y k ¼ yk � ŷkjk�1 (15)

Using this sequence at different time instants, the autocovar-
iance matrix is defined as the expectation of the innovations
data at different time lags over a user defined window N50

R kðNÞ ¼ E

Y kY 0
k

..

.

Y kþN�1Y 0
k

2
64

3
75 (16)

An optimization problem of the following form can then
be solved to calculate estimates of Q and R [see Ref. 5 for
mathematical details on the construction of A k and b̂k]

min
Q;R

A k

ðQÞs
ðRÞs

� �
� b̂k

����
����
2

s:t: Q;R � 0; Q ¼ Q0; R ¼ R0 (17)

in which the subscript ‘‘s’’ denotes the column-wise stacking
of the elements of a matrix into a vector. Also, the matrices A k

and b̂k satisfy the following relationships

A k
ðQÞs
ðRÞs

� �
¼ ½R kðNÞ�s; b̂k ¼ ½cR kðNÞ�s

in which the innovations sequences used to calculate an
estimate of the autocovariance matrix, denoted by bR kðNÞ, are
obtained using the plant data.

Thus, if a set of data with length Nd is available, then the
following least-squares problem can be solved to estimate
the covariances

min
Q;R

A k

..

.

A Nd�Nþ1

2
664

3
775 ðQÞs

ðRÞs

� �
�

b̂k

..

.

b̂Nd�Nþ1

2
664

3
775

��������

��������
2

s:t: Q;R � 0; Q ¼ Q0; R ¼ R0

(18)

in which the time-varying matrices A k and b̂k are computed
using a sliding window strategy.5

Remark 1. The only requirement for the use of the extended
Kalman filter as the state estimator to obtain the ALS innova-
tions sequences is that this estimator has to satisfy the following
assumption: the time-varying filter gain sequence Lk used in (12)
is such that, when used in the approximate linearization given by

(13), it produces a sequence of Ak ¼ ðAk � AkLkCkÞ matrices

such that the product
Q0

i¼k�1 Ai

� �
! 0 as k increases. This

assumption can be guaranteed under suitable detectability and
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stabilizability conditions51 and is necessary to fulfill the steady-
state assumption of ALS.1,4

Remark 2. The probabilistic approach for state estimation
is to maximize the conditional density of the state sequence
given the measurement sequence

max
fxkg

pðfxkgjfykgÞ

An equivalent least-squares problem when noises are
Gaussian is given by

min
x0;x1���xk

kx0 � x0kP�1 þ
Xk�1

i¼0

wiQ
�1w0

i þ viR
�1v0i

st : nonlinearmodel ð11Þ and constraints

in which (Q,R) are the covariances of the nonlinear model and
the inverse of the weights of this least-squares problem. This
least-squares problem is similar to the one solved by MHE,
and thus estimated covariances can be used to specify the
noise statistics of this state estimator.

Remark 3. As the values of the ALS design parameters,
horizon length (N) and data set length (Nd), increase, the accu-
racy of the covariance estimation improves with the expense
of a larger computational cost to perform such an estimation.
These parameter values are selected according to the applica-
tion. For example, for the polymerization process presented in
the ‘‘Results’’ section, values of N ¼ 100 and Nd ¼ 6000 are
large enough to provide good covariance estimates.

Note that this approach requires linearizations of the
nonlinear model around the current state estimate and input
values. This linearization may not be an issue for noise
covariance estimation as shown in the Results Section and
discussed in the Conclusions.

Diagonal ALS technique

For large dimensional applications, estimating only the diag-
onal elements of the covariance matrices Q and R may be an
attractive alternative when the A k matrices of the least-squares
problem defined by (18) are ill-conditioned. This estimation is
also useful to increase the speed of the ALS computations.18

Assume each of the A k matrices is partitioned in two
matrices

A k ¼ A k1 A k2½ �

in which A k1 and A k2 multiply (Q)s and (R)s , respectively, as
in (17). For this estimation, we assume Q and R diagonal and
apply a linear transformation to each of the A k partitions to
remove the columns that are associated with the off-diagonal
elements of the covariance matrices. Thus, in the diagonal
ALS formulation, each of the A k matrices is modified by
right-multiplying A k1 and A k2 with T n and T p, respectively.
This formulation is as follows

min
Q;R

A k1T n A k2T p

� 	 ðdiagðQÞÞs
ðdiagðRÞÞs

� �
� b̂k

����
����
2

s:t: Q;R � 0

in which

T n ¼

1 0 0 . . . 0

0n�n

0 1 0 . . . 0

0n�n

0 0 1 . . . 0

0n�n

..

.

0 0 0 . . . 1

2
666666666664

3
777777777775
;

T p ¼

1 0 0 . . . 0

0p�p

0 1 0 . . . 0

0p�p

0 0 1 . . . 0

0p�p

..

.

0 0 0 . . . 1

2
666666666664

3
777777777775

and the transformation matrices T n and T p have dimension-
alities T n 2 Rn2�n and T p 2 Rp2�p, respectively.

Results

In this section, we show the results of the application of
the design method described above to two nonlinear exam-
ples: a CSTR and a polymerization process.

CSTR example: ALS case studies

As a starting point on the use of the LTV-ALS technique
for covariance estimation, two case studies of a continuous
stirred-tank reactor (CSTR) example, modified from,45 with
the same reaction stoichiometry and kinetics of the batch re-
actor from subsection Illustrative Batch Reactor Example are
presented here. These cases are performed to verify the
robustness of the ALS technique under the presence of pro-
cess disturbances and plant-model mismatch.

Consider a well-mixed, isothermal CSTR model

dx

dt
¼ f ðxÞ ¼ Qf

VR
cf � Q0

VR
xþ �0r (19)

with selected parameters

k ¼ 0:5 0:5 0:2 0:01½ �0; cf ¼ 0:5 0:05 0½ �0;
x0 ¼ 0:5 0:05 0½ �0; Qf ¼ Q0 ¼ 1; VR ¼ 100

To generate the simulated data for the first-case study, an
oscillation of �50% with a period of 100 time units was
applied around the nominal value of the second reaction rate
constant (k2 ¼ 0.5 þ 0.25sin(2�t/100)). Also, a zero mean
white noise with variance Qsim ¼ 1.25 � 10�3 was added to
this oscillating rate. In practice, these rate constant oscilla-
tions may occur due to temperature fluctuations in the reac-
tor. Under such conditions, concentration data were gener-
ated by solving model (19) recursively at every �T using the
Euler method, as described in Section Nonlinear Stochastic
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Model Structure. Also, pressure data were generated at every
�T using the following equation

yT ¼ RgT cA þ cB þ cCð ÞTþvT

in which Rg is the ideal gas law constant and T is the reactor
temperature. The measurement yT denotes the pressure values
at time tT, �T ¼ 0.25 � 10�2, and the noise sequence vT is
normally distributed with zero mean and variance Rsim ¼ 1.25
� 10�1 . To represent a plant data set, these simulated data for
states and measurements were sampled with the process
sampling time of �k ¼ 0.25. Figure 3 shows typical sampled
data sets for concentrations and pressure generated in this
fashion. Using ALS, we estimate the process and measurement
noise covariances (Q,R) of the DT model structure given by
(11) from simulated data sets.

For ALS estimation, a general linear time-varying process
model is proposed to estimate the noise covariances and cope
with potential plant-model mismatches. For this purpose, we
augment the state vector with one integrated white noise d.
The first-principles version of this selected model is given by

d

dt

x
d

� �
¼ f ðx; dÞ ¼

Qf

VR
cf � Q0

VR
xþ �0r

0

� �
in which

r ¼ k1cA � ðk2 þ dÞcBcC
k3c

2
B � k4cC

� �

Thus, the discrete time version of this model is obtained by
integrating f(x,d) as described previously (see Sections Nonlin-

ear Stochastic Model Structure and Time-varying Autocovar-
iance Least-Squares Technique) and is the following

x

d

� �
kþ1

¼ A Gd

01�n 1

� �
k|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Ak

x

d

� �
k|fflffl{zfflffl}

xk

þ 0n�1

1

� �
|fflfflfflffl{zfflfflfflffl}

G

wk

yk ¼ C 0½ �|fflfflffl{zfflfflffl}
C

x

d

� �
k

þvk

in which

Ak ¼ @FðxkÞ
@x0k

����
ðx̂kjkÞ

; C ¼ 1 1 1½ �RgT

and FðxkÞ is obtained by integrating f(x,d). Also, Gd represents
the disturbance model or the relationship between the states
and the disturbance. The only requirements on the selection of
the augmented matrices A, C, and G for ALS estimation are
that the pair ðA;GÞ is stabilizable and ðA;CÞ is detectable.
Hence, the selection of the disturbance model must be checked
to not violate these conditions.

Applying ALS to the generated data set, the following
covariances were estimated

Qals ¼ 3:59� 10�4; Rals ¼ 1:20� 10�1

For this calculation, the first 160 data points (correspond-
ing to the transient part of the data set from 0 to 40 time
units) were removed to fulfill the steady-state assumption of
ALS (see Ref. 1 for details). Also, this estimation was

Figure 3. Typical simulated data set used for ALS calculations of Case 1.

Figure 4. Typical simulated data set used for Case 2.
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repeated four times using different realizations of noise
sequences, with parameters N ¼ 15 and Nd ¼ 1000, and the
average of the estimated covariances for all these simula-
tions was taken as the final result. Note that the estimated
value of Rals is close to Rsim. The accuracy on the estimation
of Qals is verified in the next subsection where the estimated
covariances are used to specify the state estimators.

As a second case study, assume in the true process, the
measurement accuracy decreased over time and now Rsim ¼
2.50 � 10�1. Moreover, the rate constant k2 was reduced due
to the presence of a poison in the reactor and oscillates as k2
¼ 0.1 þ 0.05 sin(2�t/100). As in the previous case, a white
noise was also added to this rate constant with a lower var-
iance of Qsim ¼ 1.25 � 10�4 . A new data set was generated
for this case as shown in Figure 4, but ALS still uses the same
process model as previously with the incorrect reaction rate
constant. For this case, the ALS estimated covariances using
the same procedure and parameters of Case 1 are

Qals ¼ 1:74� 10�5; Rals ¼ 2:44� 10�1

Note that, even though a wrong model was used for co-
variance estimation, ALS accurately calculates R and
rescales Q as expected. In the next subsection, EKF and
MHE, two widely used state estimators for nonlinear systems
are implemented in these two case studies. Also, to confirm
the accuracy of the ALS estimation, the covariances calcu-
lated here are used to specify the statistics of these state
estimators.

CSTR: Estimator Selection and Implementation

Using the two case studies from the CSTR example of the
previous subsection, here the implementation of EKF and
MHE with statistics defined by the ALS covariances is per-
formed.

For Case 1, Figure 5 shows a close look at the pressure and
concentration of B for the EKF estimator using the ALS cova-
riances and x0 ¼ [0.51 0.05 0]0. Note that EKF with ALS
covariances follows both the true state and pressure measure-
ment closely. Although only the plot for the concentration of
B is shown here, the same holds for the concentration of the
other components.

For Case 2 with x0 ¼ [0.45 0.05 0]0, however, the EKF
with ALS covariances still does a good job estimating the
pressure, but does not estimate the states accurately, with
even some negative values for the concentration of A (see
Figure 6). As shown in ref. 45, the EKF may not work
well for nonlinear applications due to the linearization and
the unconstrained nature of this estimator. The implementa-
tion of MHE, with statistics defined by the ALS covarian-
ces, is shown in Figure 7. Note that MHE overcomes the
problem of negative A concentrations because of its capa-
bility to enforce hard state constraints. It is worth mention-
ing that priors slightly farther from the x0 used to gener-
ated the data than the ones above would make the concen-
tration of A take even more negative values and converge
even slower to its steady-state. Some reasonable priors
even lead to EKF divergence, as also reported previously
in the literature.45

Figure 5. EKF implementation results for Case 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. EKF implementation results for Case 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Polymerization Process

In this subsection, we present the results of the application of
the described design method for nonlinear state estimation to a
gas-phase ethylene copolymerization process model taken from
the literature.46–48 This polymerization process has the follow-
ing variables: 41 states, 17 measurements, 5 inputs, process and
measurement noises. Among the important variables of this pro-
cess are the reactor temperature, pressure and compositions (eth-
ylene, 1-butene (comonomer), inerts and hydrogen), production
rate, and polymer properties (density and melting index). Figure
8 shows a schematic diagram of this process. See Refs. 46–48
for additional information about this process.

To model this polymerization system, a nonlinear first-
principles model with an added noise component was devel-
oped, as explained in Section Nonlinear Stochastic Model
Structure. This model was built based on the cited references
above and has the structure of (4, 5). To generate the simu-
lated data for this case study, Gaussian noises with assumed
characteristics were added to the temperature of the recycle
stream, representing a process noise, and to all the 17 meas-
urements, representing sensor noises. The process sampling
time is 60 s and the noise sequences wsim � N(0,Qsim) and
vsim � N(0,Rsim) have covariances

Qsim ¼ 2:80� 10�4

Rsim ¼ 10�6�
diag ð5; 1; 104; 20; 300; 10; 200; 0:2;

0:5; 0:3; 0:04; 10�5; 20; 1; 400; 300; 300Þ
Applying ALS, the estimated covariances of wk � N(0,Q)

and vk � N(0,R) for the model structure (4, 5) are given by

Qals ¼ 2:84� 10�4

Rals ¼ 10�6�
diagð5:03; 1; 9:7� 103; 20:2; 308; 10:2; 198;

0:19; 0:5; 0:3; 0:04; 9:8� 10�6; 27:2; 0:99; 419; 289; 296Þ
Note that once again the LTV-ALS technique estimates

these covariances accurately. Figure 9 shows the temperature
of the recycle streams (in K) plots for the EKF using the
ALS covariances. However, it is worth noting that for the
estimation of R, the diagonal ALS technique described in
Section Diagonal ALS Technique was used to estimate only
the diagonal components of this matrix. The information
content in the data is too small to justify a more complex

noise model structure. Thus, one relevant conclusion of this
case study is that easily measured properties combined with
a large dimensional state vector preclude the use of complex
disturbance models for this system. We estimated the var-
iance of a single process disturbance and only the diagonal
components of the measurement covariance matrix. The user
is provided with the information to detect this situation auto-
matically by examining the conditioning of the A k matrices
of the least-squares problem defined by (18). An overly com-
plex disturbance model for the available information in the
measurements is detected by poor conditioning in the A k

matrices. In this situation, to reduce or eliminate the ill-con-
ditioning problem that may also plague the state estimation
step, approaches such as Schmidt-Kalman filtering may be
attempted. This approach was originally developed for navi-
gation systems to improve numerical stability and reduce
computational complexity of Kalman filters by eliminating
some of the state variables that are of no interest for the
problem.52,53 In this case, we intend to use this estimator to
tackle weakly observable systems as described in Refs. 54
and 55. The general idea of this technique is to remove
weakly observable states in the Kalman filter gain calcula-
tion, producing a suboptimal filter that does not estimate the
removed state variables, but still keeps track of the

Figure 7. MHE implementation results for Case 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 8. Gas-phase polyethylene reactor system.48
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influences these states have on the gain applied to the other
states. The application of this technique to industrial proc-
esses is currently under investigation.

Summary of Design Method

This section summarizes the proposed design method for
nonlinear state estimation. The steps of this method as well
as the inputs, computations, and outputs associated with each
step are the following:

(i) nonlinear process model selection
(a) inputs: nonlinear deterministic models in CT,

f(x,u), and h(xk);
(b) computation: integration of f(x,u) from tk to tkþ1

to obtain F(xk,uk);
(c) output: nonlinear deterministic model in DT

xkþ1 ¼ Fðxk; ukÞ
yk ¼ hðxkÞ

(ii) stochastic disturbance model selection
(a) inputs: integrating disturbance locations (process

inputs, outputs, or combination of both);
(b) computations: augment state vector with integrat-

ing disturbances as x ¼ ½x d�0; integrate augmented
model as in step (i) to obtain Fðxk; ukÞ, GðxkÞ, and
hðxkÞ;

(c) output: augmented nonlinear stochastic model in
DT

�xkþ1 ¼ Fð�xk; ukÞ þ Gð�xkÞwk

yk ¼ hðxkÞ
(iii) covariance identification from operating data

(a) inputs: nonlinear stochastic model from step (ii),
process operating data, ALS design parameters
(N, Nd) , and set of initial guesses for covariances
(Q,R);

(b) computations: formulate and solve ALS problem
using regular or diagonal technique;

(c) output: covariance estimates (Q,R);

(iv) estimator selection and implementation
(a) inputs: state estimators, e.g., MHE, EKF, among

others (see Section Introduction and Prior work);
(b) computations: select estimator type according to

application and implement it;
(c) output: implemented state estimator with noise

statistics defined by ALS.

Conclusions

This article introduced a design method for nonlinear state
estimation including the following steps: nonlinear stochastic
modeling, noise covariance estimation, and estimator selec-
tion and implementation. Regarding the modeling approach,
we showed that CT nonlinear SDEs can be accurately repre-
sented, for one step ahead predictions, by DT models from
first principles with an added stochastic component that can
be estimated from process operating data. On the covariance
estimation, the LTV-ALS technique accurately estimated the
process and measurement noise covariances for the
addressed nonlinear examples (CSTR and ethylene copoly-
merization). This accuracy is justified by the fact that, in
state estimation, EKF may not work well due to lineariza-
tions. In covariance estimation, however, linearization errors
are indistinguishable from other error sources due to the cen-
tral limit theorem, and thus estimated covariances are accu-
rate enough to be used in state estimation. These covariances
were used to systematically specify the noise statistics of the
EKF and MHE state estimators. This provides an alternative
for industrial practitioners to the current practice of deter-
mining KF and EKF gains arbitrarily by tuning, i.e., trial
and error simulations, such that it gives satisfactory closed-
loop performance. As suggested by the results in subsection
Polymerization Process, physical models may be overly
complex considering the available measurements; they may
contain many unobservable and weakly observable modes.
Overly complex structures lead to ill-conditioned or singular
ALS problems for disturbance variance estimation. Ill-condi-
tioning leads to unrealistic data demands for reliable esti-
mates. As a solution to this problem, the design of a
reduced-order extended Kalman filter to estimate only the
strongly observable system states is under investigation. In
general, overly complex disturbance models for weakly
observable system models must be avoided. As future work,
we plan to apply the steps described in this article to build
and validate nonlinear state estimators for industrial chemi-
cal processes. Also, for such processes, we intend to quantify
how often the covariance matrices change in an industrial
data set by testing the time invariance of the disturbance sta-
tistics in the set as done previously in the literature with
data from an industrial gas-phase reactor.2 Finally, as a
broader impact of this research, improving nonlinear state
estimation in process monitoring and control will result in
better chemical process operations giving rise to significant
economic benefits.
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